An explicit form of a certain class of type-N solutions of Einstein equations with pure radiation energy-momentum tensor is studied. In particular, the general solution of a constraint equation is found and the uniqueness of an example which already exists in the literature is established. The metric depends on two nonzero real parameters and a holomorphic function h of one complex variable. The congruence of principal null geodesics possesses nonvanishing twist and shear. If h is entire and nowhere vanishing, the solution is interpreted by means of geometrically distinguished set of freely falling observers as a gravitational wave accompanied by an incoherent electromagnetic radiation in an 'expanding' half-space of a three-space with the curvature's singularity at the boundary of the half-space.
Introduction
In an attempt to find a superposition principle for nonlinear type-N gravitons, a class of twisting type-N solutions of Einstein equations with pure radiation energy-momentum tensor was distinguished by Plebański, Przanowski and Formański in [1] . We shall refer to them as PPF solutions. The authors of [1] also provided an explicit example of such a solution. It depends on two nonzero real parameters and a holomorphic function h of one complex variable y.
The purpose of our paper is twofold. First, we prove that the above mentioned example is a unique PPF solution. Next, we discuss its geometric and physical properties. A reader who is not interested in the technical details of a proof may skip sections 3 and 4 and read the conclusion in section 5.
A history of the search for a superposition principle has its origins in [2] [3] [4] . A twistor approach to that matter is discussed at length in [5] . On the other hand, an idea for the superposition principle proposed in [1] concerns nonlinear type-N gravitons only, and is based on properties of the connection 1-forms for the underlying holomorphic half-flat 4-metrics and on properties of the second structural equations. A list of relevant references can be found in [1] .
The importance of pure radiation is evident in the treatment of high-frequency gravitational waves. Indeed, an averaged energy-momentum tensor for the effective energy localized in such waves turns out to have the same algebraic structure as that for an electromagnetic null field (pure radiation) [6] . On the other hand, algebraic type-N solutions are interesting due to the peeling-off property of the gravitational field from compact objects which states, loosely speaking, that far away from those objects the field is of type N. Moreover, if the waves are high frequency then one can average the phases to obtain the effective energy-momentum tensor of pure radiation type.
The exact solutions representing the gravitational field of incoherent radiation emitted by distant sources or that of two beams of light has been of interest for some time [7, 8] . More recent results in that direction are presented in [9, 10] (also see references therein).
A search for real type-N solutions of Einstein equations in vacuum or with a pure-radiation energy-momentum tensor has been stimulated a great deal by the challenge to find twisting type-N vacuum solutions generalizing that of Hauser [11] . For the most recent results on the topic of vacuum solutions and a list of references see [12] . A reduction of Einstein equations with a pure-radiation energy-momentum tensor has been accomplished in [13] , in the so-called collinear case; however, no explicit solutions with a nonvanishing twist and shear were provided. The PPF solutions fill that gap. The results of [13] are summarized in [14] . Nonvacuum twisting type-N metrics are also discussed in [15] .
However, often the authors present this subject within a broader context of algebraically special solutions [16] [17] [18] [19] [20] [21] , assuming the underlying congruence of null geodesics to be shearfree. In the vacuum case such a congruence is indeed necessarily shear-free (Goldberg-Sachs theorem) [14] . In a nonvacuum case however, in particular for type-N solutions with pure radiation, it does not have to have that property [13, 14] . And that is what happens in the PPF example.
The spacetimes of type-N with pure radiation come out also in studies of conformally Ricci flat pure radiation metrics [22, 23] ; more general results are discussed in [24] . The other instances in which such spacetimes appear are related to studies of type-N pure radiation fields of embedding class one, [25] , and to studies of homothetic or Killing vectors [26] . In all those three instances the authors discuss the metrics belonging to the Kundt class, [27] .
In this paper we show that the PPF example is a unique twisting PPF solution. Next we discuss its physical interpretation.
In section 2 we give a brief presentation of PPF results. In section 3 we establish our conventions which differ slightly from those in [1] and replace the PPF constraint by an infinite system of differential equations. Section 4 deals with the general essential solution of that system, where essential means a solution which leads to a metric tensor with a twist. In section 5, we discuss the most general coordinate transformations which preserve the PPF form of ds 2 . In section 6, we focus on geometric properties of the PPF example. In particular, we point out the existence of a congruence of two-dimensional and totally geodesic surfaces, distinguished congruences of null geodesics and distinguished classes of freely falling observers. In section 7, the PPF metric is represented as a perturbation of the flat background. In section 8 some features of the curvature's singularity and of distinguished geodesics are discussed. We also introduce another set of observers related to the asymptotic properties of the metric tensor. We call them asymptotically stationary observers. Finally, we point out the transversality of the gravitational field. The argument is based on properties of geodesic deviation vector along the world lines of mentioned above freely falling observers.
Section 9 concerns a physical interpretation of the PPF metrics. To arrive on it one employs comoving coordinate systems associated with the distinguished observers. Of particular interest is the case where h is holomorphic and nowhere vanishing in the whole complex plane of y. Then there exists a natural way to refine the selection of comoving coordinates, which permits us to interpret the gravitational field, with some reservations (see discussion), as a gravitational wave in an 'expanding' half-space of a three-space. The wave is singular at the boundary of that half-space. Reversing the arrow of time one obtains a similar interpretation, however on a 'contracting' half-space.
Throughout this work we employ a formalism of null tetrad as introduced in [16] and refined further in [28] .
Review of PPF conventions and results
For details the reader is referred to [1] .
The authors of [1] employ a coordinate system {t, r, y, y}, where y denotes the complex conjugate of y. The metric tensor is
where
α and β are holomorphic functions of y, and H and its complex conjugate H are determined by means of α, β and a holomorphic function g of two complex variables (z, y) according to
Moreover, the functions α, β and g are subject to the following constraint:
where f is a real-valued function depending on the indicated variables. Such a spacetime possesses nonzero curvature provided,
At a point in which
the conformal curvature tensor is of an algebraic type N [14] . The congruence of geodesic lines tangent to its principal null direction is twisting [14] , if and only if α y + α y = 0.
One also requires the dominant energy condition for the energy-momentum tensor [14] , which reads
(The energy-momentum tensor is the one for a pure radiation field [14] .)
Setting up the problem
We find it more convenient to employ instead of the coordinate t and the functions α and β,
We also define
Then the problem consists of finding all holomorphic functions a, b and g such that for each real τ and for each y in a certain open subset of the complex plane,
and
We will show that (11) is equivalent to an infinite system of differential equations on a certain holomorphic function F (y, y) of two complex variables. (Strictly speaking F (y, y) is a restriction of a holomorphic function, say F (y, w) of two complex variables y and w, to the surface w = y.)
We begin from the observation that (11) has to hold, in particular, for τ = 0. Therefore,
Remark 1. Observe that it suffices to assume that (11) holds on a certain open interval I. Indeed, a simple translation of τ by a constant accompanied by a compensating translation of b does not affect the form of (10)- (16), and can be used to transform I into an interval which contains 0. This process does not affect the form of (1) and (2) as well.
Feeding (17) back into (11) amounts to
Let for n = 1, 2, 3, . . .
Now, differentiating both sides of (19) n times with respect to τ , at τ = 0, we obtain
Conclusion 1.
The system of equations (20) is equivalent to (11) .
Proof. Indeed, for y fixed, both sides of (18) are analytic functions of the real variable τ . In particular, they are analytic at τ = 0. However, it is well known that such functions are identical on an interval containing 0 if and only if all their derivatives at τ = 0, including the ones of order zero, are equal. Hence equivalence of (20) and (11) follows.
We also find it convenient to use, instead of the function g(z, y), another holomorphic function, F (y, w) determined according to
Conversely, given F (y, w) one can recover g(z, y) from
(Note that due to (12) , a = 0.) Then,
Introducing, for n = 1, 2, . . . ,
we rewrite (20) into
And so we arrive at the following conclusion.
Conclusion 2.
The system of equations (25) is equivalent to (11) .
Solving the system
To discuss the consequences of (25) we shall use tentatively a new complex variable Y determined by the differential equation
Then, there exists a holomorphic function P (Y ) such that
and consequently
The function F (y, y) expressed in terms of Y and Y will be denoted by (Y, Y ) and more generally, for k = 0, 1, 2, . . .
In this notation the system (25) reads
Note that ζ yy can be expressed, if necessary, due to (28) , in terms of Y and Y .
Remark 2.
Observe that to conform to (13) there has to exist k 2 such that g (k) 
However, that implies that for all 0 l k, F (l) (y, y) = 0 as well. There are two cases to be discussed separately.
Case 1: F, F (1) and F (2) are nontrivial and F (3) = 0. Case 2: F, F (1) , F (2) and F (3) are nontrivial.
It turns out that case 1 contradicts one of our assumptions (12); see appendix A.
Now we provide a brief discussion of case 2. We work out the corresponding formulae in Y and Y variables. It is not difficult to infer, due to the fact that
A further study of (32)- (34) is facilitated by introducing
for k = 1, 2, 3. Then one can prove successively by a somewhat lengthy process that
where K is a holomorphic function of Y and C is a nonzero real constant and next
where L and M are holomorphic functions of Y, and M is determined by K according to
. Finally, due to (27) and (28) we have an expression for F as well,
where L and M (M = 0) are viewed now as functions of y. We remark that due to ambiguity in the definition of ϕ k , there should perhaps appear some additive terms of the form 2πi ,
where is an integer, at the intermediate stages of the computations. Those terms will not affect, however, the final result (38).
(31) still remains to be satisfied. It can be rewritten as
In the following we shall employ this terminology. Any solution of the system ( 30) which corresponds to a such that a y − a y = 0, is called an essential solution of (30).
Conclusion 3. All essential solutions of (30) are of the form (38), where C is a nonzero real constant and a, L and M (M = 0) are holomorphic functions of y subject to the condition (39).
We now discuss the consequences of (39). They turn out to be quite restrictive. However, first of all we consider a particular case which turns out to be the generic one.
Assume that
Then, employing the separation of variables argument we infer that N = 0 and σ = 0, which because of (40) and (41) is equivalent to
where A and B are complex constants such that
On the other hand, the assumptions (12) and N − yσ = 0 turn out to be contradictory. Thus, we claim the following fact. Proof. Indeed, (46) is the result of (38), (43) and (44). It remains to prove that (39), where N − yσ = 0 and (12) are contradictory. To this end we define
Proposition 1. The only essential solutions of the system (25) are of the form
and replace (39), which now reads
by a system of two differential equations on G. To obtain this system we apply to both sides of (48) The result can be written in the following form:
However, G = ψ ψ , where ψ yy = 0, ψ yy = 0 (ψ = N − yσ ) and since ψ = ψG, (ψG) yy = 0, which results because of (49) in
Computing ψ yyyy from (50) and taking into account that ψ yy = 0, we obtain
It turns out that the integrability conditions of the system consisting of ( 50), (51) and ψ yy = 0 contradict the assumption that a y − a y = 0.
Coordinate transformations and final form of the metric tensor
Now we switch back to the conventions of section 2. In a coordinate system {t, r, y, y} the line element ds 2 is represented according to (1) and (2). Now we ask a question about the most general coordinate transformations which preserve that particular form of the metric tensor. For this purpose we denote by {t , r , y , y } a coordinate system obtained from {t, r, y, y} by means of such a transformation. The corresponding structural functions which in a coordinate system {t, r, y, y} are α, β and H are denoted by α , β and H respectively. We present this final result.
Proposition 2. There are two types of coordinate transformations which preserve the form of metric tensor determined by (1). (i)
where ξ 0 , η 0 , κ 0 are complex constants, ν 0 , ρ 0 are real constants, ε = ±1 and ξ 0 = 0. The structural functions of the metric tensor transform according to
(ii) The coordinate transformations are obtained from (52) by interchanging y with y on the right-hand sides of (52) and the transformation laws for H and α are obtained from (53) by making the following changes on their right-hand sides: y → y, H → H and α → −α.
We recall now that due to proposition 1 and (9), α is of the form α = yD + E where D and E are complex constants such that D + D = 0. Next, employing (52) one can transform α into α = y . For that purpose choose ε and ξ 0 such that
and then
Consequently, without loss of generality we may assume that
Then from (9), (22) and (46) we obtain
and according to (3)
. It is not difficult to figure out that the residual transformations, the ones which preserve that form of α are given by (52), where ν 0 = 0, κ 0 = η 0 , |ξ 0 | = 1 and ε = 1. Under such transformations H changes according to
We conclude our discussion with this theorem.
Theorem 1. Each PPF metric with a nontrivial twist can be characterized in the following
manner. There exists a coordinate system {t, r, y, y} in which ds 2 is given by (1) and (2) , where
h is a holomorphic function of y and C is a nonzero real constant.
Remark 3.
In the example of [1] , α = 2Ay, β = 0 and H = h exp 1 C (−t + iAyy) , where A and C are nonzero real constants. However, there exists a coordinate transformation that makes α = y. Therefore, one can put A =
Nevertheless, in the discussion that follows we do not freeze once and for all the value of A. We employ even slightly more general than the PPF-coordinate systems. With that in mind we note this corollary.
Corollary 1. The transformations (52) preserve the form of the PPF metric if and only if
Then the parameters A and C are transformed according to
Geometric properties of the solutions
From now on we represent a null tetrad for PPF metrics in the following form: The PPF metrics possess interesting geometric properties. One of them is uniqueness, up to constant multiples, of the null tetrad (64). Indeed, in such a tetrad the connection 1-forms, 12 , 34 , are
and the 1-form e 4 is closed,
The other essential connection 1-forms are 42 and 31 , and for these
Now, it is not difficult to figure out the most general Lorentz transformation (a null rotation), which preserves the direction of e 3 and the condition (68). An additional requirement that the transformation also preserves (69) leaves us only with constant rescalings of null tetrad 1-forms:
where ϕ, 0 are real constants and 0 = 0 (appendix B). Let {e 1 , e 2 , e 3 , e 4 } be the corresponding dual null tetrad. From (68) and (70) we obtain the following properties of directional covariant derivatives:
for j = 1, 2, 3, 4. Consequently, the vector fields e 3 , e 4 are geodesic and the vectors of all four vector fields e 1 , e 2 , e 3 , e 4 are parallelly propagated along the integral curves of e 3 and e 4 .
The conditions (79) imply, in particular, that at each point of the spacetime the vectors of e 3 and e 4 span the tangent space of a totally geodesic two-dimensional surface.
In the coordinate system {r, t, y, y},
Hence, each of those surfaces is given by an equation of the form
where y 0 is an arbitrary complex constant, while r and t are coordinates on the surface. The coordinate lines of r and t are null geodesics tangent to e 4 (a principal null vector field of the conformal curvature tensor with nonvanishing shear, i.e. 422 = 0) and e 3 , respectively, with r and t also being affine parameters along the corresponding lines. Moreover, any hypersurface given by an equation r = r 0 , where r 0 is constant, is a null hypersurface. However e 3 , e 4 are defined up to null rotations (73) and (74). Therefore, one can use equally well a coordinate system {r , t , y , y } in which e 3 = 
where 0 , r 0 are real constants and 0 = 0. We shall refer to them as GPPF-coordinate systems. Notice that the corresponding transformation law for the parameters A, C is
where the sign in (86) is positive if the transformation preserves an orientation and negative otherwise. The last statement requires, perhaps, some clarification. We explain in appendix C. Therefore, the product
is an invariant of these transformations. Moreover, if we assume time's arrow to be determined by the vector ∂ ∂r = −e 4 then ∂ ∂t = e 3 points to the future as well. To retain the corresponding properties of the coordinate lines of r and t one has to assume that 0 > 0. Consequently, for such transformations the sign of C is invariant as well.
If 0 , (y, y) and F (y, y) are of a special form (52) (see remark 4), then ds 2 retains its PPF form with A and C rescaled correspondingly; see corollary 1.
Forming an appropriate linear combination with constant coefficients of e 3 and e 4 , we can obtain a unitary time-like w 4 and orthogonal to it, unitary space-like w 3 geodesic vector fields. They can be completed, using e 1 and e 2 , to a pseudo-orthonormal tetrad
The choice (91), (92) of w 3 , w 4 is not unique. Instead, we could use
where b is a non-zero real constant. That is, however, equivalent to determining w 3 , w 4 according to (91) and ( 92) with e 3 , e 4 replaced by the corresponding e 3 , e 4 . Due to (79) such a pseudo-orthonormal tetrad is parallelly propagated along the geodesic integral curves of w 3 and w 4 . It is not difficult to find a coordinate system {τ, z, y, y} in which the coordinate lines of τ are time-like geodesics of w 4 , the coordinate lines of z are space-like geodesics of w 3 and τ and z are their arc length parameters (more specifically, w 3 = ∂ ∂z and w 4 = ∂ ∂τ ), while the level surfaces of y (y is complex) are, the same as before, totally geodesic surfaces. Indeed, it suffices to define
Thus, each w 4 determines a congruence of 'freely falling' observers, {w 1 , w 2 , w 3 } is a field of orthonormal repers of those observers and {τ, z, y, y} is a comoving coordinate system. Those comoving coordinates are not unique. They are determined up to coordinate transformations that can be easily figured out from (83)-(85), where 0 = 1 and from (95) and (96). In particular, the remaining coordinate freedom provides us with a certain freedom to 'synchronize' the clocks of observers moving along τ -lines and to adjust origins on z-lines. Transformations (83)-(85) with 0 > 0 and 0 = 1 result via (95) and (96) in comoving coordinate systems of other congruences of freely falling observers.
PPF metrics as perturbations of the flat background
We introduce new coordinates {u, v, ζ, ζ ) and {X, Y, Z, T } by means of the following coordinate transformations,
This permits us to put ds 2 in the form 
Singularity of the curvature tensor and the distinguished geodesics
The nonzero components of the curvature tensor in the null tetrad (64) are
To satisfy the dominant energy condition (8) [14] , one requires that
(106) We assume from now on that h(y) is holomorphic in the whole complex plane. One can verify that although the components of ds 2 are well defined for all possible values of r, t and y, the determinant g = det(g µν ) = det e a µ 2 = W 2 vanishes at zeros of the function W. Thus singularities of the coordinate system and of the curvature coincide. However, the latter possesses a coordinate independent meaning. Indeed, let a scalar ρ be of the form
where w 4 is determined by (92). Then ρ represents the energy density of an electromagnetic radiation measured by a 'freely falling' observer whose 4-velocity vector is w 4 and ρ becomes unbounded as such observer approaches zeros of W . From (103)-(105) it is also seen that the metric becomes flat along the t-lines for C > 0 as t → ∞, for C < 0 as t → −∞ and along the r-lines as r → ±∞. We shall address the topic of the asymptotic behaviour of ds 2 again in section 8.2.
We now illustrate the behaviour of all null, time-like and space-like geodesics canonically distinguished in section 6. Since each of them resides in the corresponding totally geodesic surface y = const, it suffices to depict them in those surfaces.
Geodesics in a totally geodesic surface y = y 0
We discuss the case of A > 0 and C > 0. The other cases can be reduced to it due to (86) and (87). We also assume that
for all y ∈ C. Then we can employ (83)-(85) in a form of r = r,
If the set of zeros of h is non-empty that transformation is not global.
In the case of (107), we also select the vector fields w 3 , w 4 according to (89) and (90), and we introduce a new coordinate system {τ, z, y, y} by 
The curvature is singular on the curve (see figures 1 and 2),
(In both figures the r and t axes are denoted by r and t respectively. The invariant L = √ p = √ AC, (88), can be viewed as a natural unit of length along those axes.) The coordinates {τ, z, y, y}, are comoving for the observers determined by w 4 . We depict the worldlines of such observers in the r t-coordinate plane. For reasons of clarity, we prefer to depict the other distinguished sets of freely falling observers, those determined by w 4 , although they are represented by the corresponding segments of straight lines in the r t-plane, in the respective r t -coordinate planes. The passage from r, t to r , t coordinates is accompanied by appropriate rescalings of A and C. This is why the shape of the curve (114) differs from figures 1 to 2.
The coordinate lines of r and t are null geodesics and the integral curves of e 4 , e 3 , respectively. They are represented in figures 1 and 2 by open segments of horizontal and vertical straight lines respectively. The coordinate lines of τ (time-like geodesics and integral curves of w 4 or w 4 ) and of z (space-like geodesics and integral curves of w 3 or w 3 ) are ∂ r (which is also a principal null vector of the curvature tensor), we infer that photons moving along r-lines and for which t 0 either hit the singularity or are ejected from the singularity never to return to it. All photons moving along t-lines are ejected from the singularity and never return to it. The behaviour of test particles (observers) moving along τ -lines (and the z-lines as well) depends in addition on the following ratio, q := C 8A . (q is the absolute value of a slope of the straight lines tangent to the curve (114) at the inflection points.) For q 1 each of those test particles is ejected from the singularity and never returns to it. (Each straight line with slope 1 or −1 intersects the curve (114) at exactly one point.) If however q > 1, then there are exactly two straight lines with slope 1 and exactly two straight lines with slope −1 which are tangent to that curve. Indeed, along such a curve
Note that r Finally, we notice that observers associated with the τ -lines and using {w 1 , w 2 , w 3 } as their orthonormal repers, will detect the incoherent electromagnetic radiation coming from the positive direction of their local z axes. Indeed, the orthogonal projection of ∂ ∂ r = −e 4 onto the subspace orthogonal to w 4 is
Obviously, a discussion concerning the number of intersection points of the curve (114) with the corresponding lines can be made more formal (appendix D).
If the set of zeros of h(y) is non-empty, one cannot apply (109) globally. That means the observers moving along τ -lines cannot 'synchronize' their clocks in such a way that the behaviour of τ -lines and the location of the singularity in the rt-plane are as in figure 1 or 2, i.e. are independent on the plane. In this global comoving coordinate system the position of the singularity in the rt-plane is shifted with respect to its position in figure 1 or 2 in the t direction by −C ln
, provided h(y) = 0. If however h(y) = 0 then the corresponding rt-plane is singularity free.
Asymptotically stationary observers versus geometrically distinguished freely falling observers and remarks on hypersurfaces τ = const
It is not difficult to see that in the coordinate system {X, Y, Z, T }, (97)-(100), ds 2 approaches ds 
We shall, therefore, call the observers whose worldlines are the T -lines, asymptotically stationary observers or T -observers. The vector field 
(t − 4iAyy) and W is determined by (105). For h = 0 the corresponding inequality in {X, Y, Z, T } coordinates reads
An intersection of such a spacetime region with a hypersurface T = const is a subset of the XYZ-space bounded by a surface of revolution of a parabola, given by X =
+ 4|A| √ 2 and Y = 0, around the Z axis. As T increases, the subset moves rigidly in the direction of the Z axis.
One can make also a comparison between the local pseudo-orthonormal frames of the freely falling observers (τ -observers), {w 1 , w 2 , w 3 , w 4 } and the ones of T -observers, { X, Y , Z, T }. In the flat-space limit (h = 0), one obtains
In particular, a T -observer detects in his local frame of reference, at each instant T, a τ -observer passing by with the relative velocity 
From (129) to (131) it follows that along a T -line, as
and 
Transversality of the gravitational field
A physical interpretation of algebraic types of the curvature tensor based on the geodesic deviation vector along time-like geodesics have been provided in [29] . We follow that line of thinking now. The equation for the vector n of geodesic deviation, [30] , along a τ -line, i.e. an integral curve of w 4 , is
Writing down n in the basis (89)- (92) as n = n i w i and employing the fact that the basis is parallelly propagated along the τ -line, one obtains this system of equations: 
Physical interpretation
We interpret the PPF solution as a wave-like-type gravitational field. The principal reason for this is the transversal character of the field manifested through the geodesic deviation equations (137). Due to the assumption, ∂ ∂r is a future oriented principal null vector of the conformal curvature tensor. It provides direction in which the incoherent electromagnetic radiation is propagated.
One can acquire a reasonable understanding of such spacetimes by fixing a congruence of freely falling observers (a congruence of τ -lines), or more specifically a coordinate system {τ, z, y, y} comoving with those observers, and studying hypersurfaces of constant 'time' τ . In fact, this coordinate system is not just a comoving one. Indeed, in addition to this feature the z-lines are space-like geodesics which are orthogonal to the τ -lines. They are used by the observers to measure a distance from an observer to the singularity. The results of such measurements can be made especially simple if the structural function h(y) is entire and nowhere vanishing. In this case one can adjust the origins on the τ -lines and z-lines so that all observers will agree that the set of events with τ = τ 0 occupies a half-space of the threedimensional zyy space determined by z > z min (τ 0 ). Now, how that bound for z behaves with respect to τ 0 depends on the choice of observers. If q 1 (figure 1) then z min (τ 0 ) decreases monotonically to −∞. If q > 1 then the behaviour of that bound is more complicated, as can be seen from figure 2; however, in overall z min (τ 0 ) will decrease to −∞. A formal proof of this property of z min (τ 0 ) is indicated in appendix D.
Thus such spacetime can be depicted, at least by observers with q 1, as a half-space of the three-space R 3 which expands in the direction opposite to their local z axes. The singularity of curvature is located at the boundary of the expanding half-space, z = z min (τ 0 ). Each freely falling observer detects photons of incoherent radiation passing by in the negative direction of his z axis and as the proper time τ → ∞, the gravitational field is gradually turned off.
If the set of zeros of h(y) is non-empty, one cannot apply (109) globally. This means the observers moving along τ -lines cannot 'synchronize' their clocks in such a way that the behaviour of τ -lines which correspond to the same value of y and the location of the singularity in the rt-plane are as in figure 1 or 2; i.e. are independent on y.
In a global comoving coordinate system the position of singularity in the rt-plane is shifted with respect to its position in figure 1 or 2, in the t-direction by −C ln 4A h(y) , provided h(y) = 0. If however h(y) = 0 then the corresponding rt-plane is singularity free. Now, the spacetime can be depicted, at least by the observers with q 1, as 'an almost everywhere half-space' of the three-space R 3 which expands in negative direction of their local z axes. The 'half-space' at a given time τ 0 is restricted by inequality
where z min (τ 0 , y) is singular at zeros of h(y). These zeros are isolated points of the complex plane of y at which the limit of z min (τ 0 , y) is −∞.
If the arrow of time is opposite to the one we have assumed,one has to reverse the directions of the r and t axes in figure 1 and 2 . Indeed, it is equivalent to employing a transformation (83)-(85) with 0 = −1, r 0 = 0, (y, y) = 0 and F (y, y) = y. Then, instead of an 'expanding' half-space interpretation, one obtains a 'contracting' half-space interpretation.
Discussion
A physical interpretation has been based on the relevant geometric properties of ds 2 . In particular it was implicitly assumed that the comoving coordinate systems {τ, z, y, y} are global. The fact that in such coordinates all distinguished geodesics can be continued indefinitely with respect to their affine parameters, unless they reach the curvature's singularity, supports this assumption.
The spacetime has been foliated by the hypersurfaces of constant 'time', τ = const. However, those hypersurfaces are not globally space-like despite the fact that τ is a proper time along the τ -lines. Consequently, the induced metric structure on those hypersurfaces (half-spaces of a three-space) is not positive definite. A question arises about other foliations, this time by globally space-like hypersurfaces.
Finally, we remark that one can prove that the PPF metrics admit a nontrivial Killing vectors only if h(y) is of a very special form. For instance, there are no nontrivial Killing vectors in the case of A = 0 and h = const = 0. The details of that will be presented in a wider context elsewhere.
The last equation implies that, in particular, c, σ, ϕ do not depend on r and t, and c is a holomorphic function of y. Now, we impose the condition that de 4 = 0. Its dy ∧ dt component reads
Hence c = 0, provided h is not identically equal to zero. Therefore, σ = const, ϕ = const and c = 0.
If however an orientation of {r , t , y , y } and {r, t, y, y} is opposite then
We note also that in all GPPF-coordinate systems the components of e 1 and e 2 depend on t through the factor exp − t C . Thus, C has the meaning of a constant which divides t in that factor. Obviously, A and C transform according to (86) and (87).
Appendix D
Properties of the curve (114) and of intersection points of that curve with an r-line, t-line, τ -line or z-line can be figured out by elementary methods. We elaborate here shortly on intersection points of that curve with a τ -line (section 8.1) and next on the behaviour of the function z min (τ 0 ), introduced in section 9.
Let z = z 0 be an equation of a τ -line in the r t-plane. Then the r-coordinate of an intersection point of that line and the curve (114) is a zero of the following function: 
Now one can easily verify that for q 1 the function F ( r ) is decreasing and since lim r→±∞ F ( r ) = ±∞, there exists exactly one zero of F ( r ) and exactly one point of intersection of the curves under consideration.
The case of q > 1 is a little bit more complex. Then, F ( r ) has two real zeros, r 
Indeed, (159) is equivalent to the following true inequality:
where 0 < x < 1 and
Further discussion is split into five cases which correspond to five distinct locations of the τ -line with respect to L 
We obtain an expression for 
where r denotes the r-coordinate of the corresponding intersection point. Therefore if 
